Observation of anomalous {\pi} modes in photonic Floquet engineering by Cheng, Qingqing et al.
Observation of anomalous pi modes in photonic Floquet engineering
Qingqing Cheng,1 Yiming Pan,2, ∗ Huaiqiang Wang,3 Chaoshi Zhang,1 Dong
Yu,1 Avi Gover,2 Haijun Zhang,3 Tao Li,4 Lei Zhou,5 and Shining Zhu6, †
1Shanghai Key Lab of Modern Optical System and Engineering Research
Center of Optical Instrument and System (Ministry of Education),
University of Shanghai for Science and Technology, Shanghai 200093, China
2Department of Electrical Engineering Physical Electronics, Tel Aviv University, Ramat Aviv 69978, Israel
3National Laboratory of Solid State Microstructures and School of Physics, Nanjing University, Nanjing 210093, China
4National Laboratory of Solid State Microstructures,
School of Physics and Collaborative Innovation Centre of Advanced
Microstructure, Nanjing University, Nanjing 210093, China
5State Key Laboratory of Surface Physics, Key Laboratory of Micro and Nano Photonic Structures
(Ministry of Education) and Physics Department, Fudan University, Shanghai 200433, China
6National Laboratory of Solid State Microstructures, School of Physics,
College of Engineering and Applied Sciences, Nanjing University, Nanjing 210093, China
(Dated: August 21, 2018)
Recent progresses on Floquet topological phases have shed new light on time-dependant quantum
systems, among which one-dimensional (1D) Floquet systems have been under extensive theoreti-
cal research. However, an unambiguous experimental observation of these 1D Floquet topological
phases has still been lacking. Here, by periodically bending ultrathin metallic arrays of coupled
corrugated waveguides, a photonic Floquet simulator was well designed and successfully fabricated
to simulate the periodically driven Su-Schrieffer-Heeger model. Intriguingly, under moderate driven
frequencies, we first experimentally observed and theoretically verified the Floquet topological pi
mode propagating along the array’s boundary. The different evolutionary behaviors between static
and non-static topological end modes have also been clearly demonstrated. Our experiment also
reveals the universal high-frequency behavior in perically driven systems. We emphasize that, our
system can serve as a powerful and versatile testing ground for various phenomena related to time-
dependant 1D quantum phases, such as Thouless charge pumping and manybody localization.
Introduction. Recently, following the development of
topological insulators [1, 2], it has been shown that pe-
riodic perturbations (or modulations) can be used to re-
alize new engineered topologically nontrivial phases not
accessible in static equilibrium systems. This new area of
research, termed “Floquet engineering” [3–10], has mo-
tivated growing interest in periodically driven quantum
systems, which have been employed (naturally or arti-
ficially) in ultra-cold atom optical lattices [3, 5], spin
systems [5], time crystals [11–14] and photonic simula-
tions [15–20]. Intriguingly, recent theoretical studies have
demonstrated that the Floquet quasi-energy spectrum
of periodically driven systems feature richer topologi-
cal structures and invariants than their non-driven coun-
terparts [21–35], attaching to the gaps of quasi-energy
bands, such as the Floquet-Majorana end state [36–39],
topologically nontrivial zero or pi mode [26, 27, 29], and
topological singularities [30]. However, finding materials
that can be used to experimentally realize such Floquet-
engineered topological phases remains a serious challenge
in condensed matter physics [3, 5, 40, 41].
Inspired by great successes in the discoveries of topo-
logical phenomena in artificial quantum systems, such as
ultra-cold atoms and photonic simulations [42–45], many
researchers have begun to explore experimental possibil-
ities of achieving non-static engineered topological states
in quantum systems. For example, two-dimensional (2D)
photonic and phononic Floquet topological phases (FTP)
have already been realized [46, 47], with clear obser-
vations of Floquet topological edge states. The pho-
tonic lattice provides a window into Floquet topological
physics, since its structure can be designed at will, which
is not subject to structural defects or absorbate contam-
ination. However, experimental realizations of the seem-
ingly much simpler one-dimensional (1D) FTP have still
been lacking, not to mention an unambiguous demon-
stration of corresponding 1D Floquet end modes (FEM).
Moreover, the realistic dynamic evolution of the FEM
has remained unclear so far, though it is supposed to be
different from its static counterpart.
To address these problems, in this letter, we designed
and fabricated a photonic Floquet simulator (PFS) to
mimic a typical 1D Floquet system, namely, the period-
ically driven Su-Schrieffer-Heeger (SSH) model [26, 27,
29], through periodically bending ultrathin metallic ar-
rays of coupled corrugated waveguides, which support
spoof surface plasmon polaritons (SSPPs) at microwave
to infrared wavelength. By tuning the bending periods
and fixing initial input positions, we experimentally ob-
served and theoretically verified the Floquet topological
pi mode, which propagates along the array’s boundary.
We also give a clear demonstration of the different evo-
lutionary behaviors between static and non-static topo-
logical end modes. In addition, our system reveals the
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2FIG. 1: (a) Schematic illustration of the experimental con-
figuration for the periodically-driven SSH model based on
well-designed periodically bending ultrathin metallic waveg-
uides, with a cosine modulation of the spacing G between
two adjacent waveguides in the propagation direction z as
G(z) = g0 ± 2A0 cos( 2pizΛ + θ0). The parameters are chosen
as L = 400mm, g0 ≈ 2.6mm, and A0 ≈ 0.8mm, yielding
Gmax ≈ 4.2mm and Gmin ≈ 1mm. Inset: Illustration of the
“H”-shape structure, with the parameters given by P = 2
mm, H = 4 mm, a = 0.8 mm, and w = 1 mm. (b) The
effective coupling constant κ as a function of G.
universal high-frequency behavior prevailing in Floquet
engieering [3]. It should be emphasized that our sys-
tem provides a versatile platform for investigating vari-
ous phenomena related to time-dependant 1D quantum
phases, such as Thouless charge pumping and manybody
localization.
Periodically driven SSH model. The original SSH
model [48] is a well-known 1D topological structure with
two degenerate ground-states differing by the relative
strength between intra-cell and inter-cell hoppings. To
study the periodically driven SSH model, we periodically
bend the waveguide array along its propagating direc-
tion z, as shown in Fig. 1(a), with opposite axis offsets
x0(z) = ±A0 cos( 2pizΛ + θ0) for two neighboring waveg-
uides, where A0 (= 0.8 mm) and Λ denote the amplitude
and period of the sinusoidal bending, respectively, and θ0
is the initial phase which depends on the starting point
z0 during one period. Through the coupled-mode the-
ory [15, 19] (see the supplemental material (SM)), the
waveguide array can be accurately mapped into an effec-
tive 1+1 dimensional tight-binding-approximated Hamil-
tonian as
H(z) =
N∑
i=1
βi(z)c
†
i ci+
N−1∑
i=1
(
κ0+(−1)i∆κ(z)
)
c†i ci+1+H.c,
(1)
where the guiding propagation z acts as the time axis
t. Here, N is the number of waveguides, βi(z) is the
effective propagation constant which can be reasonably
treated as a constant β0 in the weak-guidance approxi-
mation (WGA) of our configuration [15, 19]. The second
term in Eq. (1) represents couplings between nearest-
neighbor (NN) waveguides with a constant (staggered)
coupling strength κ0 (∆κ(z)). According to the WGA,
the NN coupling strength κ mainly depends on their dis-
tance G(z), with the relation shown in Fig. 1 (b). Since
G(z) = g0±2A0 cos( 2pizΛ +θ0) in our configuration, where
g0 (≈ 2.6 mm) is the initial NN spacing without bend-
ing, the NN coupling strength can be approximated as
κ0± δκ cos( 2pizλ + θ0), with the optimal parameters given
by κ0 ≈ 0.042 mm−1 and δκ ≈ 0.02 mm−1. Conse-
quently, H(z) in Eq. (1) exactly simulates a Floquet
SSH model with time-periodic staggered NN coulpings.
Experimental Results. In our experiments, we choose
N = 10 waveguides with their length set as L = 400 mm
(L = 800 mm in the SM), and the driven frequency is
given by ω ≡ 2piΛ = nΛωL, where n is the total num-
ber of periods within the length L, and ωL ≡ 2piL is the
characteristic frequency. Thus, nΛ will be termed as the
reduced frequency, which can be easily tuned to inves-
tigate various frequency-dependant phenomena as well
as topological edge modes related to the Floquet SSH
model [26, 27, 29], as we show in detail below. In addi-
tion, unless stated explicitly, the initial phase θ is set as
zero.
We start from the high frequency case where the driv-
ing frequency is much smaller than the effective cou-
pling length and the time-periodic staggered NN coupling
should be smeared out due to its fast oscillating behav-
ior, thus rendering the system similar to that composed of
straight waveguides with identical NN couplings, which
obviously belongs to the trivial phase. A waveguide array
with a representative ω = 20ωL (≈ 0.306 mm−1 ) in this
high-frequency range was fabricated, as illustrated in Fig.
2a, to carry out the near-field measurement of the inten-
sity profile after injecting light from the upmost bound-
ary waveguide. This propagation pattern resembles that
of straight waveguides with identical NN couplings, as
presented in Fig. 2b for comparison. However, the micro-
pattern of the ω = 20ωL case is different from that of the
undimerized straight waveguides with smooth diffraction
management. This stems from the micro-motion due to
the finite-frequency effect in the fast-driving regime.
Intriguingly, as we gradually lower the driving fre-
quency to the range ω = 2 ∼ 5ωL (0.0306 ∼
0.0766 mm−1), a quite distinct propagation pattern
arises, as exemplified by the ω = 3ωL (0.0460 mm
−1)
3FIG. 2: (From up to down in each figure) Snapshots of the fabricated samples, CST simulation results, and near-field
measurement of the intensity profile after injecting light from the upmost boundary waveguide, under different driving conditions
with the same length L = 400mm, waveguide number N = 10 and initial phase θ0 = 0. Results for curved waveguides with
(a) nΛ = 20 (topologically trivial high-frequency case) and (c) nΛ = 3 (topologically nontrivial case with anomalous boundary
pi-modes), and for straight waveguides (nΛ = 0) with (b) identical spacings G = 2.5mm (trivial static case) and (d) dimerized
spacings (nontrivial static case with boundary zero-modes) between nearest-neighboring waveguides.
structure with corresponding experimental results in Fig.
2c (see the SM for other frequencies). The injected light
no longer spreads into the bulk array, but instead is
mainly localized within the two waveguides at the up
boundary. Moreover, the intensity profile exhibits a
periodic oscillation pattern in its distribution between
the two boundary guides. This periodically oscillat-
ing anomalous edge mode is the main finding of our
work, which will later be theoretically proved as the long
pursued Floquet pi-mode predicted in the Floquet SSH
model [26, 27, 29]. To further reveal its difference from
the well-known zero-mode edge state of the static SSH
model, we fabricated an array of straight waveguides with
time-independent staggered NN couplings (see Fig. 2d),
which lies in the topological nontrivial phase [19, 48].
The experimental measurements in Fig. 2d shows that
the injected light always propagates along the boundary
waveguide without spreading into the bulk or displaying
any oscillation in its intensity distribution, in striking
contrast to the above nonstatic edge mode propagation.
The non-spreading stroboscopic evolution for the Floquet
pi-mode is the first time that a 1D periodically driven end
state has been realized and observed experimentally in
the photonic platform.
Theoretical analysis. To verify the existence of the
anomalous edge mode, we explicitly calculate the topo-
logical invariant of our system to determine its phase di-
agram by using Floquet theory. The time evolution oper-
ator of the system is given as U(z, z0) = Tˆ e
−i ∫ z
z0
H(z′)dz′
,
where Tˆ denotes the time-ordering operator, and z0 is the
starting point. Without loss of generality, we set z0 = 0
and U(z, z0) = U(z) to simplify notations. The Floquet
operator is defined as the time evolution operator for
one full period, given by U(Λ) [41], from which a time-
averaged effective Hamiltonian can be defined as Heff =
i
Λ lnU(Λ) [41]. The eigenvalues of Heff corresponds to
the quasienergy spectrum of the system. Due to the
translation symmetry, both U(z) and Heff can be Bloch
decomposed as Uz =
∏
U(z, k) and Heff =
∑
kHeff(k),
respectively. According to Ref. [29], a Z-valued invari-
ant can be defined for the quasienergy gap at zero or
pi for a 1D periodically driven system with chiral sym-
metry, as is also satisfied in our system. To calculate
this invariant, we must resort to the periodized evolu-
4FIG. 3: (a) Quasienergy under OBC with 40 waveguides and (b) Gpi as a function of the driving frequency ω, where the
bandwidth ∆ is taken as the energy unit. Floquet pi-modes can be found in (a) when 1/3 < ω/∆ < 1, Gpi = 1, as confirmed by
the value of Gpi in (b). By choosing five frequency replicas n = 0,±1,±2 in the frequency space, (c) quasienergy under OBC
with 40 waveguides as a function of ω/∆, (d) dynamic evolution of the pi-mode state for 10 waveguides and nΛ = 3, where the
waveguides’ configuration and CST simulation result are presented for reference. The quasienergy band structures of the five
chosen frequency replicas with (e) ω/∆ = 1/3, (f) ω/∆ = 1/2, and (g) ω/∆ = 1.
tion operator, given by V (z, k) ≡ U(z, k)eiHeff (k)z. Since
the zero quasienergy gap is found to be always closed in
our system, regardless of the value of ω, we only need to
calculate the pi gap invariant Gpi through the following
formula [26, 27, 29]:
Gpi =
i
2pi
∫ pi
−pi
tr
(
(V +pi )
−1∂kV +pi
)
dk, (2)
where V +pi is obtained from V (z, k) at half period:
V (Λ/2, k) =
(
V +pi 0
0 V −pi
)
. (3)
The numerical result of Gpi as a function of ω is pre-
sented in Fig. 3b, where the bandwidth of the undriven
system ∆ = 4κ0 is taken as the energy unit for reasons
that will be made clear later. When ω/∆ > 1, Gpi = 0,
while for 1/3 < ω/∆ < 1, Gpi = 1. (our numerical re-
sult of Gpi for ω/∆ < 1/3 is not shown here since it no
longer takes desired integer values, which may be related
to the complex low-frequency behavior [10].) A nonzero
Gpi indicates a topologically nontrivial phase and through
bulk-edge correspondence, it corresponds to the number
of edge pi mode within the pi gap [29]. This is confirmed
by the open-boundary quasienergy spectrum shown in
Fig. 3a for N = 40 waveguides, where pi modes exist
for 1/3 < ω/∆ < 1. It should be noted that the ex-
perimental range of ω = 0.0306 ∼ 0.0766 mm−1, where
anomalous edge modes are observed, approximately falls
into this topologically nontrivial region of ∆/3 ∼ ∆
(0.042 ∼ 0.168 mm−1), thus permiting us to reasonably
identify these anomalous modes as the pi mode predicted
in the periodically driven SSH model [30].
In fact, the underlying physics becomes much clearer in
the direct-product Floquet space: H⊗ T [27, 28], where
H is the usual Hilbert space and T denotes the space of
time-periodic functions spanned by einωt, with the inte-
ger index n representing the n-th Floquet replica [27].
Considering the periodic nature of the energy, we only
need to focus on the energy range (−pi, pi] (or (−ω2 , ω2 ]) of
the n = 0 replica. When ω > ∆, n = 0 replica is decou-
pled from other replicas with a gap between the n = 1
replica at  = pi (−pi is equivalent to pi), which should be
topologically trivial since this gap persists when ω ap-
proaches the trivial high-frequency limit. At ω = ∆, this
5FIG. 4: Near-field measurements of the intensity profile for
10 waveguide of length L = 400mm, initial phase θ0 = pi,
and (a) nΛ = 3 and (b) nΛ = 20. Compared to Fig. 2(c)
with θ0 = 0, the injected light in (a) no longer propagates
along the boundary waveguide, thus indicating the absence of
the pi-mode. However, the propagation pattern in (b) is very
similar to that in Fig. 2a, which is related to the universal
high-frequency behavior.
gap is closed due to the band touching of the n = 0 and
n = 1 replicas at pi, as shown in Fig. 3g. With further
decreasing ω, the coupling between n = 1 and n = 0
replicas opens this gap again, as shown in Fig. 3f with
ω = ∆/2, and it does not close until ω = ∆/3, where the
n = 2 and n = −1 replicas touch each other at pi (see
Fig. 3e). It has been shown in Ref. [27] that this gap
closing and reopening process switches the pi gap from
trivial to nontrivial through the calculation of the Zak
phase [27]. Consequently, the same nontrivial region of
∆/3 < ω < ∆ is obtained as above from Gpi. When ω is
smaller than ∆/3, more and more Floquet replicas should
be involved [27], which is beyond the scope of this paper.
It is worth mentioning that the zero quasienergy gap is
always closed regardless of ω, thus eliminating the possi-
bility of the emergence of in-gap zero quasienergy modes.
To further support the above argument, in Fig. 3c, we
choose N = 40 waveguides, ω = 3ωL, and n = 0,±1,±2
replicas to numerically plot the open-boundary spectrum
and in Fig. 3d we choose 10 waveguides to plot the time-
dependant evolution of the pi edge modes. It is obvious
that these modes propagate along the array’s boundaries
and exhibit periodic oscillation in the intensity distribu-
tion, which matches very well with the CST simulation
results presented above for reference.
Discussion. First, we discuss the dependence of the
initial phase θ0, which can be easily tuned by simply ad-
justing the initial input position in our experiment. It is
found that, although the quasienergy spectrum as well as
the existence of the pi-mode is theoretically independent
of θ0, to experimentally excite and observe the photonic
pi-mode, θ0 must be tuned to the region [−pi/2, pi/2], i.e.,
the instantaneous Hamiltonian at z = 0 must lie in the
topological nontrivial phase. This is illustrated by our ex-
perimental measurements in Figs. 2c and 4a for θ0 = 0
FIG. 5: CST simulation results for the weakly disordered sam-
ples with L = 400mm, θ0 = 0, and (a) nΛ = 3 and (b) nΛ = 4.
Here, disorder effects are introduced by imposing weak ran-
dom coupling coefficient δκ = κmin = 0.042mm
−1. Both (a)
and (b) demonstrate the topological robustness of the pi-mode
edge state under weak disorder.
and pi, respectively, under the same driving frequency
ω = 3ωL (results for other θ0 values are presented in
the SM). In contrast to Fig. 2c, in Fig. 4a, the injected
light no longer propagates along the boundary waveguide,
but gradually spreads into the bulk array, thus indicating
no excitation of the pi-mode. In addition, for the high-
frequency case, where the system lies in the topologically
trivial phase, the propagating pattern shows no depen-
dence of θ0, as can be seen by comparing Fig. 2a (θ0 = 0)
and Fig. 4b (θ0 = pi), with the same ω = 20ωL. This
is related to the universal high-frequency behavior of a
periodically driven system [3].
Second, we examine the topological robustness of the
pi-mode in the presence of weak disorder by introducing
weak random coupling coefficients between neighboring
waveguides δκ = κmin = 0.042mm
−1. Through the CST
simulation, in Figs. 5 (a) and 5(b), we present the light
propagation pattern for θ0 = 0 and ω = 3ωL and ω =
4ωL, respectively. It is obvious that the pi-mode still
propagates along the boundary with periodic oscillation
and negligible amount of dissipation into the bulk, which
indeed suggests its robustness to weak disorder.
Conclusion. In summary, by periodically bending ul-
trathin metallic arrays of coupled corrugated waveguides,
we have successfully realized a photonic simulation of
the 1D periodically SSH model. Under certain frequency
range and initial input positions, we first experimentally
observed the long-pursued Floquet pi-mode in 1D period-
ically driven systems, which has been further verified and
well explained by the Floquet theory. Due to the high
flexibility and tunability of our system, it can be used
to investigate various phenomena in 1D time-dependent
quantum systems, including both the adiabatic Thouless
charge pump [49–52] and the possible nonadiabatic Flo-
quet charge pump [53], which will be our future work.
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